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Indian scholar Nardyana (1350 A. D.) perhaps used the result Ng, g,-,

14 Ng.2
—B = (=1)"b,,, and Pt =Pn tNg’
'Pn Pn—1 (—=1) bpy, g 2Pn Gn
to find out the integral solution of the equation Nx®+ K%= 32, The
paper presents the original Sanskrit verses (in Roman Character) with

English translation from Narayana’s Ganite Kaumudi.

of the continued fraction

1. INTRODUCTION

Indian scholar Nardyana (1350 A, D.) composed two books, viz.
(i) Bijaganitam and (if) Ganita Kaumudi. He perhaps used the knowledge of
simple recurring continued fraction in the solution of the indeterminate equation
of type Nx2+4K?2=y®. We shall show here how the following mathematical
results of the continued fraction besides others are involved in the method of
the type Nx2+4KZ2=p2.

Result I. If ¢ be the number of elements in the cycle belonging to N
then

P _ PwtNgn

q. 2p.qn (1)
Result Il.  Agnga-y—Bpupp-1 = (—i)" bay, . (2)
Where p,/¢. is the nth convergent of the continued fraction
1 1
Gt
Result 1. (Ganita Kaumudi, Varga prakrti Vss. 2—43) 1
hrasvajyesthaksepan

kramasastesamadho nyaset tanstu

anyanyesdm nyasa

stasya bhaved bhdvana-nama nai

vajrabhyasau hrasva

Jyesthakayoh samyutirbhaved hrasvam

laghughdtah prakriihato

Jyesthavadhenanvito jyestham iH3h
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ksiptorghatah ksepah

syad vajrabhyasayorvifeso va

hrasvam lavdhorghatah

prakrtighno jyesthyoSca vadhah 4l

tadvivaram jyesthapadam
ksepah ksiptyoh prajayate ghatah 43

English transiation :

“Set down successively (kramasah) the lesser (hrasava) root, greater
(jyestha) root and interpolator (ksepa) and below them set down in order
the same or another (set of similar quantities). [ From them by the principle
of composition can be obtained numerous roots]. The principle of compo-
sition (bhdavana) will be explained here. (2)

“(Find) the two cross products (vajrabhydso) of the two lesser and two
greater roots ; their sum is a lesser root. Add the product of the two lesser
roots multiplied by prakrti to the product of the two greater roots. The
sum will be a greater root. (3).

In that (equation) the interpolator will be the product of the two previous

" interpolators. Again the difference of the two cross products is a lesser root.
Subtract the product of the two lesser roots multiplied by prakrti from the
product of the greater roots ; (The difference) will be a greater root. Here
also the interpolator is the product of the two (previous) interpolator (4, 4%).”
According to the above rule, if x=«, y=8 be the solution of the equation
Nx%+4+k=y? and x=«', v=F" be the solution of the equation Nx2+k'=y?,
then x=«f'+«'8, y=BB"4 Nx«' is thc solution of the equation Nx2+kk'=yp?2,

This is known as principle of composition.

We have the following relaticn _
N(«8' +«'B)2 +kk' = (BB'N + 4')? U )
where «B'+ «'B=lesser root and BB+ N««'=greater root.
When «4=«', 8=f’ and k=k' then (3) reduces to
N(2«B)2+k2=(B%+ N«*)?, (when upper sign is considered).
x=2«f and y=§52?-+Na2,

Now y/x=B2+ N«?/2«f=p2+Nq3/2p.qs where p.=p and ¢,=« and
Pe/qn has its usual meaning. This is same as result 1.

Having obtained one solution, an infinite number of other solutions can be
found by the repeated application of the principle of composition. Nardyana
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(1350)% says “By the principle of composition of equal as well as unequal
sets of roots, (will be obtained) an infinite number of roots”,

This result was already known to Brahmagupta®, Bhiskara II* and
Kamalidkara®.

Result II. (Varga prakrti Vss 8—11)°

hrasvavrhata praksepan
bhdjyapraksepabhajakan krtva

kalpyo guno yatha ta

dvargat sam$odhayet prakrtim s

prakrtergunavarge va

visodhite jayate tu yacchesam

tata kSepahrtam ksepo

gunavargaviSodhite vyastam gn

labdhih kanisthamiilam

tannijagunakahatam viyuktam ca
purvalpapadaparapraksi

plyorghdtena jayate jyeStham niIgil

praksepa$odhanesva

pyekadvicatursvabhinnamiile stah

dvicatuh ksepadzabhyarn

rupaksepdya bhavana karya i

English translation :

“Making the lesser root (hrasva miula), greater root (vrhata) and
interpolator (of a square nature=varga prakrti) the dividend, addend and
divisor (respectively of a pulverser), the (indeterminate) multiplier of it should
be determined in the way doscribed before. The prakrti being subtracted from
the square of that or thc square of the multiplier being subtracted from the
prakrti, the remainder divided by the (original) interpolator is the interpolator
(of a new square nature==varga prakrti); and it will be reversed (vyastam)
in sign in case of subtraction of the square of the multiplier. The quotient
(corresponding to that value of the multiplier) is the lesser root (of a new
square) ; and that multiplied by the multiplier and diminished by the product
of the previous lesser root and (mew) interpolator will be its greater root.
By doing so repeatedly will be obtained two integral roots corresponding to
the interpolator +1, 42 or +4. In order to derive integral roots for the
additive unity from those answering to the interpolator +2 or 4, the
principle  of composition (should be adopted)”.
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After obtaining Na®+k=b* and N.1%34+(m®—N)=m? for a suitable k
and m by the previous method, Principle of composition is applied between
(a, b, k) and (1, m, m® —N) which gives rise to Na2+k,=b2 and which when
repeatedly applied by the principle of composition, the solution is obtained.

where
b
g, = ax;:- ,
b — bn+Na
S
k1= n. - N .

Changing the suffixes, we can write

gpy=din + b o
kg
by, = bin+ Nag (ii)
ki
I___N ess
ki, = n X, . (iii)
Now take a4; = ¢;, b; = pi then for every i, we have
b,'"_ - bin + Na;
Bivy ain + b;
or, Pira _ pint Ng
Giva qn + p;

or, np;i Qiys+NGi Givy = BGi Pisy + P; Pisa
or, NgiQisy — PiPi+a = 1 (Gi Pisva — Giry Pi)
or, Ngigisy — PiPixa = n (—1)*% (tv)

But when we consider JN as a simple continued fraction, then /N = 4/ 4]B.
Therefore (iv) is transformed.

To A4iGisy — Bpipivy = (—l)i bivq
where n=b;.,.

This shows that results of Bhéskara II * has been discussed systemati-
cally in details by Nariyana by the knowledge of continued fraction.
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