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Abstract

Authored by the celebrated mathematician-astronomer Madhava, the Lagnaprakarana is an important
astronomical text dedicated to the determination of the udayalagna or the ascendant, and is notable for its
technical brilliancy and multiple approaches to a given problem. In continuation of our previous papers
on this text, here we discuss some more methods for precisely determining the udayalagna as described in

the second chapter of the Lagnaprakarana.
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1 Introduction

In our previous paper' we discussed the first method
described by Madhava for precisely determining the as-
cendant in the Lagnaprakarana. There, the procedure in-
volved first determining the drkksepalagna or the nona-
gesimal, and then determining the udayalagna there-
from. In this paper, we discuss three other methods de-
scribed by Madhava for precisely determining this quan-
tity. These methods, described in the second chapter of
the Lagnaprakarana, involve determining the ascendant
from (i) the rasikiitalagna, (ii) the unmandalalagna, and
(iii) the kalalagna. It may be noted that this paper is to
be read in conjunction with our earlier paper as various
physical and mathematical quantities described therein
are employed here as well. Thus, readers are directed to
our previous paper for all references to verses 31-38 in the
current paper.

DOI: 10.16943/ijhs/2020/v55i1/152339
*Corresponding author: aditya.kolachana@gmail.com
See [9]. Also see [8], [10], and [7] for our discussion on some of the
foundational astronomical parameters described by Madhava in the
first chapter of the Lagnaprakarana.

In the following discussion, it may be reiterated that we
employ the symbols 4, a, §, and z to respectively refer to
the longitude, right ascension, declination, and zenith dis-
tance of a celestial body. The kalalagna, the latitude of the
observer, and the obliquity of the ecliptic are denoted by
the symbols «,, ¢, and € respectively. It may also be men-
tioned that all the figures in this paper depict the celestial
sphere for an observer having a northerly latitude ¢. In
these figures, N, S, E, and W denote the cardinal direc-
tions north, south, east, and west, while P and K denote
the poles of the celestial equator and the ecliptic respec-
tively.

2 Determining the ascendant from the
rasikatalagna

In this section, we discuss the first of the three methods
to be discussed in this paper for determining the udaya-
lagna, as outlined in five verses (39-43) of the second
chapter of the Lagnaprakarana. The procedure involves
determining the udayalagna from the rasikiitalagna, the
drkksepajya and other quantities. To this end, verses
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39-41 describe an alternate? method of determining the
drkksepajya, while verses 42 and 43 prescribe two rela-
tions for calculating the udayalagna from the rasikita-
lagna, using the drkksepajya and other quantities. Read-
ers may refer to our previous paper for further details on
the rasikiitalagna.

2.1 Alternate expression for the drkksepajya
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yadva kalavilagnatah punaritah
dohkotijatau gunau
nitva bahugunadapakramagunam
tatkotimapyanayet |
tasmatkotigundatparapamahatat
dohkrantikotya hrta
krantirmadhyavilagnabahujanita
tasyasca kotim nayet 11391
palagunamadhyakrantyoh
anyonyakotikabhihatayoh |
vistrtidalasamhrtayoh karkimrgadyoh
kramena viyutiyuti 1140l
kalabhujapamakotya
hatva trijyahrto’tra drkksepah |
yamyah sa ca vijiieyo
bhede tu krantije’dhike saumyah 11411
Or, again having computed the Rsine and Rco-

sine from this kalalagna, one should compute the
Rsine of the declination from the Rsine of the

2See our previous paper for the first relation given in the Lagna-
prakarana for this quantity.

SManuscripts read Fifewmgaar:. However, this does not fit any
known metre. We have emended the text to satisfy the metrical con-
straints of the udgiti metre, without any change in meaning.

“Manuscripts read ﬁﬁﬁm We have emended this likely
scribal error as the mathematical procedure requires division by R and
not multiplication.

SManuscripts read ?ﬁ'“:l"{ The scribal error is evident as saumya is
used as an adjective to the masculine noun drkksepa in the verse.

bahu [of the kalalagna] and also the Rcosine of
that [declination] (i.e. dohkrantikoti or kalabhuja-
pamakoti). That [former] Rcosine multiplied by
[the Rsine of] the maximum declination (para-
pama) is divided by the dohkrantikoti. That [re-
sulting quantity] is [the Rsine of] the declination
(kranti) obtained from the longitude of the merid-
ian ecliptic point (madhyavilagna). One should
also compute the Rcosine of that [declination].
The [Rsine of this] declination and the Rsine of
the latitude multiplied by the Rcosines of each
other and divided by the semi-diameter (vistrti-
dala) would be subtracted or added [depending on
kalalagna’s position] in the six signs from Cancer
(karki) or Capricorn (mrga) respectively.

Having multiplied [that sum or difference] by the
kalabhujapamakoti, and divided by the radius (tri-
Jjya), [one obtains the] drkksepa[jyd] here. That is
to be known to be southern [generally]. It is north-
ern if the Rsine of the declination [of the meridian
ecliptic point] is greater [than the Rsine of the lati-
tude] when they differ [in their directions].

The verses above give another relation to determine the
drkksepajya. To this end, the verse instructs to first com-
pute the Rsine and Rcosine of the kalalagna, and then to
also compute the Rsine and Rcosine of the so called decli-
nation from the kalalagna, which corresponds to the arc
ER = u in Figure 1.°

Having computed these quantities, as a precursor to de-
termining the drkksepajya, the verse gives the following
relation to obtain the Rsine of the declination of the merid-
ian ecliptic point, known as the madhyakrantijya:

kalalagna-kotiguna x parapamajya

madhyakrantijya = dohkrantikoti

or, )
Rcosa, X Rsine

Rsing,, = Reosg ey

From this we are asked to determine R cos §,,, and to use
these quantities to determine the drkksepajya as follows:

drkksepa =
(kdlabhujdpamakopi X [palaguna X madhyakrantikoti

+ palakoti X madhyakrdntiguna] + vistrtidala) + trijya

®We have shown one method of determining sin i in our discussion
of verse 36. Another method is shown below.
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Figure 1 Visualising the drkksepa.

or,
Rcosu x Rsin ¢xR cos S : Rcos $xRsin 8y
Rsinzy = )
“ R (2)
Rcosu X Rsin
— M - Zm ’ -

where z,, is the zenith distance of the madhyalagna, dis-
cussed in our previous paper.

Obtaining the madhyakrantijya

The expression for the madhyakrantijya given in (1) can
be easily verified from the spherical triangle TER in Fig-
ure 1. Noting that the point R in this triangle is the rasi-
kiitalagna, we have

T'RE = 90, and TR=21,,+90.
Also, by definition
TE = a, ETR =, and ER=pu.

Applying the sine rule in this triangle, we obtain
(4)
(5)

sinu = sina, singe,

. Rsina, X Rsine
Rsiny= —&¢——— |

or, R

where a, and € are both known. Comparing (4) with
the expression for the sine of the declination of the Sun
given by sin § = sin A sin ¢, one can view the above result
as the sine of the ‘declination’ derived from the sine of
the kalalagna instead of the sine of the longitude of the
Sun. Therefore, the expression sin a, sin € is referred to
as the ‘sine of the declination derived from the bahu (of
the kalalagna)’” in verse 39. Having determined R sin u,
the verse prescribes to also determine the cosine R cos u,
which is easily done using basic trigonometry. This cosine
is referred to as the dohkrantikoti in verse 40 and as the
kalabhujapamakoti in verse 41, which can be translated
as ‘the cosine of the declination derived from the doh or
bhuja of the kalalagna’.

Now, applying the cosine rule in the spherical triangle
I'ER, we have

cosa, = cos(4,, + 90) cos u,

It may be noted that a similar usage has been encountered in verse
36 (see our previous paper), where the term kotikranti refers to the
‘declination’ derived from the cosine of the longitude of the madhya-
lagna.
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(a) Visualising the drkksepa from the point of view of the ecliptic plane.
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(b) Planar triangles used to determine the drkksepajya and the drkksepalagna.

Figure 2 Determining the drkksepajya and the drkksepalagna.
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of,
. —cosa,
sind,, = ——=<.
cos i
Now, since sin §,,, = sin 4,, sin ¢, we have

sins,, = —COS ap X sine’
COS U
which differs from (1) only with regards to the sign. As
the author discusses the application of the sign later in
the second half of verse 40, while giving the relation for
the drkksepajya, we too discuss this towards the end of
the next section.

Determining the drkksepajya

The given relation for the drkksepajya can be readily un-
derstood from the right-angled triangle ZM'D’ in Fig-
ure 2b,® where it can be seen that

Rsinz; = Rsinz,, X cos i,
which is the same as (3). The expression for R sin z,, given
in the verse as

Rsingp X Rcosd,, + Rcos¢ X Rsin§,
Rsinz,, = ing mR ¢ m.

is the same as the one given in verse 35, discussed in
our earlier paper. As explained in our discussion of the
madhyajya there, the terms in the above expression are
added or subtracted depending upon whether the equa-
tor and the zenith are on the same or opposite sides of the
ecliptic. Here, an equivalent rule is given, which states
that the terms of the above expression have to be sub-
tracted or added depending upon whether the kalalagna
is in the six signs starting from Cancer or Capricorn re-
spectively. That is, the second term is to be subtracted
from the first when the kalalagna is in the range of 90 de-
grees to 270 degrees, and added when it is in the range of
270 degrees to 90 degrees. This rule can be understood
purely from physical considerations, or through mathe-
matical analysis.

Physically, the madhyalagna has southern declination
when the kalalagna is in the range of 270 degrees to 90 de-
grees, and northern declination otherwise. An instance of

8The planar triangles in this figure are the same as those shown in
Figure 2a, which depicts the celestial sphere from the point of view of
the ecliptic plane. For further details on this figure, see our discussion
on verse 36 in our previous paper.

the former case is depicted in Figure 3a, where the kala-
lagna (TE) is in the first quadrant, and the madhyalagna
(M) has southern declination. An instance of the latter
case is depicted in Figure 3b, where the kalalagna is in
the third quadrant, and the madhyalagna has northern
declination. In the former case, it is clearly evident that

sin z,,, = sin(¢ + §,,,) = sin ¢ cos §,,, + cospsin §,,,,
while in the latter case, clearly
sin z,,, = sin(¢ — §,,,) = sin ¢ cos §,,, — cos P sin §,,,.

Approaching the problem purely from a mathematical
viewpoint, we observe that the first term (sin ¢ cos §,,) in
the above expressions is always positive,® while the sec-
ond term (cos¢sind,,) can be positive or negative de-
pending upon the sign of the declination.!® From (1), we
see that sin §,,, takes the sign of the term cos a,,'* which
being a cosine function is negative in the range 90 de-
grees to 270 degrees (Cancer etc.), and positive otherwise
(Capricorn etc.). Therefore, the absolute magnitude of the
term cos ¢ sin &,), is to be subtracted from or added to the
term sin ¢ cos &,,, depending upon whether the kalalagna
lies in those quadrants where the cosine function is nega-
tive or positive. This is exactly the rule stated in the verse.

For an observer in the northern hemisphere, the
drkksepajya will generally be seen in the southern hemi-
sphere as shown in Figure 4a. However, for observers at
lower latitudes (¢ < €), occasionally the drkksepajya may
appear in the northern hemisphere when the declination
of the madhyalagna is northwards, and also greater than
the latitude of the observer, as shown in Figure 4b. These
indeed are the observations that are made in the second
half of verse 41.

2.2 Determining the udayalagna

The following two verses give two relations for obtaining
the udayalagna from the rasikitalagna, employing the
drkksepajya and some other quantities derived earlier.

°As 0 < ¢ < 90, the term sin ¢ is always positive. Also, as —€ <
O < €, the term cos &, is also always positive.

Here again, since 0 < ¢ < 90, the term cos ¢ is always positive.
1n (1), the term sin € is always positive. Also, from (4), we can de-
duce that —e < u < €. Therefore, the term cos u too is always positive.



ARTICLES

JHS | VOL 55.1 | MARCH 2020

E L

(a) Same direction.

ondree

(b) Opposite directions.

Figure 3 The direction of the equator and the zenith with respect to the ecliptic for determining the madhyajya.
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(a) Southern hemisphere.

(b) Northern hemisphere.

Figure 4 Direction of the drkksepa.
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2.2.1 Method 1

TR ST asaTed aria |
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drkksepahatakalabahvapamato

drkksepakotya hrtam
viskambhardhasamahatam bhujabhava-

dyujyahrtam capitam |
svarnam kalavilagnake krtakala-

prandantare ca kramat
drkksepapamadigbhidaikyavasatah

praglagnasamsiddhaye 1142l

[The result] from the division of [the Rsine of]
the declination calculated from the kalalagna
(kalabahu-apama)—which is multiplied by the
drkksepaljyal—by the Rcosine of the drkksepa
(drkksepakoti), is multiplied by the semi-diameter
(viskambhardha) and divided by the bhujab-
havadyujya. The arc of this [result] is applied
positively or negatively to the kalalagna which
is corrected by the difference in [own] longitude
and right ascension (kalapranantara), depending
on the difference or sameness in direction of the
drkksepa and the declination [from the kalalagnal
(i.e. kalabahu-apama), for obtaining the orient
ecliptic point (praglagna).

This verse gives the following relation for determining
the orient ecliptic point or the udayalagna, in terms of
the drkksepajya and the ‘declination’ (©) derived from the
kalalagna:

udayalagna = kalalagna + nija-pranakalantara

_ kalabahu-apamajya X drkksepajya
+capa ( drkksepakoti X
viskambhardha )
bhujabhava-dyujya

or,

A=a, x| —a.| £
Rsinu X Rsinzy R ) 6)
Rcoszy Rcosu
As the procedure described in the verse involves con-
verting the kalalagna into the longitude of the rasikiita-
lagna, the term kalapranantara in the verse is to be un-
derstood as the nija-pranakalantara discussed in verse 31.

Rsin~! <

The term kalabahu-apamajya*? is to be interpreted as the
sine of the ‘declination’ (1) derived using the kalalagna,
and is equivalent to (5). The term bhujabhava-dyujya in
the verse is to be understood as the day-radius correspond-
ing to the declination (i) derived from the bhuja of the
kalalagna, and is therefore equal to R cos u.'* Finally, the
drkksepakoti is nothing but the cosine of the zenith dis-
tance of the drkksepalagna, or R cos z.

With the terms understood in this manner, the above
relation can be easily derived as follows. Figures 5a and
5b depict two instances when u and z,; are on the oppo-
site sides, and the same side of the ecliptic respectively.
From Figure 5a it is evident that the longitude (4,) of the
udayalagna (L) is given by

/‘11 = )Lr + RL,

where 4, is the longitude of the rasikitalagna (R). How-
ever, from verse 31, we already know that

Ay = £ |4 — ).

The length of the arc RL can be determined as follows.
In the spherical triangle REL, by definition ER = u. Also,
RLE = 90 — z,, is the angle between the ecliptic and the
horizon.!* As the eastern cardinal point is the pole for the
prime meridian, the angle REL is equivalent to the length
of the arc NJ = NP + PJ. By definition, NP = ¢, while we
have already shown PJ = §,,,.1> Therefore,

REL = ¢+ 6,y = Zy»

which is the zenith distance of the madhyalagna. Apply-
ing the sine rule in the spherical triangle REL, we have

sin u sin z,,
COoS zg

sinRL = (7

However, from the triangle ZM'D’ in Figure 2b, we have

sin zy
cosu

sinz,, =

®)

121t can be derived as W@:{Tﬁm gt

13Recalling that the radius of the diurnal circle of the Sun is equal to
R cos &, when its declination is &, it is worth noting the similarity of
conceptions as well as terminologies coined to describe these parame-
ters.

14See (17) in our previous paper.

15See our discussion of verse 36.
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(b) Drkksepajya and kalabahu-apamajya on the same side of the ecliptic.

Figure 5 Directions of drkksepajya and kalabahu-apamajyd in determining the udayalagna.
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Upon solving for the arc RL using the above relation,
we obtain the longitude of the udayalagna as

A=, |4, —a,| +

—1(Rsi Rsi
Rsin 1( sinu X Rsinzy R )
Rcoszy Rcosu

When u and z; are on the same side of the ecliptic as
shown in Figure 5b, then it is evident that the arc RL has
to be subtracted from the longitude (4,) of R to obtain the
longitude of L. Thus the verse states that the arc RL is to
be added to A, when u and z; are on opposite sides of the
ecliptic, and subtracted when they are on the same side of
it. Thus, in general, we have

M=, £ A —a| £

Rsin_l(Rsm/,chsmzd>< R )
Rcoszy Rcospu

which is the same as (6).

The above expression can also be derived alternatively
as follows. Upon combining the relations (13), (14), and
(2) from our previous paper, we obtain

A =1,£R sin”! (bdhu—XR)

Rcoszy

Further substituting for bahu using (10) of our previous
paper and for sin z,, therein using (8) of this paper, it can
be easily seen that we again obtain (6). Comparing the
above expression to (13) of the previous paper reveals that
the arcs RL and MD in Figures 5a and 5b are of equal
measure. That is, the separation of the udayalagna from
the rasikiitalagna is the same as the separation of the
drkksepalagna from the madhyalagna. This is also di-
rectly evident from the fact that both the arcs MR and DL
in this figure are of comparable measure, equal to ninety
degrees.!®

2.2.2 Method 2
g&éqlgawaalgaq‘ma i“?}‘q*'a' gdld
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drkksepahatakalabahujagunat

1®From (2) and (14) of the previous paper respectively.

"Manuscripts read 3=IshI{~gHTEdTd. Emended as the relation re-

quires multiplication by R sin € and not division.

10

drkksepakotya hrtat
antyakrantisamahatat bhujabhava-
dyujyahrtam capitam |
svarnam kalavilagnake krtakala-
pranantare ca kramat
digbhedaikyavasattu gunyagunayoh
praglagnasamsiddhaye 1143l

[The result] from the division of Rsine arising
from the kalalagna—which is multiplied by the
drkksepa[jyal—by the Rcosine of the drkksepa
(drkksepakoti), is multiplied by [the Rsine of] the
last declination (antyakranti) and divided by the
bhujabhavadyujya. The arc of this [result] is
applied positively or negatively to the kalalagna
which is corrected by the difference in [own] lon-
gitude and right ascension (kalapranantara), de-
pending on the difference or sameness of direc-
tions of the multiplicand (gunya) and the multi-
plier (guna), for obtaining the orient ecliptic point
(praglagna).

In continuation of the rule discussed in the previous
verse, this verse gives the following slightly modified al-
ternate expression for obtaining the orient ecliptic point
or the udayalagna:

udayalagna = kalalagna + nija-pranakalantara

+ capa (kalabahujaguna X drkksepa]ya
- drkksepakoti
antyakrantijya
bhujabhava—dyujyc‘l)

or,

A=, = |4, —a,|
. —1(Rsina, X Rsin z,
Rsin 1( € d
Rcoszy

Rsine
. 9
chos,u) ©)

As in the previous verse, the term kalapranantara here
too is to be understood as the nija-pranakalantara of the
kalalagna. Kalabahujaguna is to be understood as the
Rsine of the kalalagna or R sin .. The terms bhujabhava-
dyujya and drkksepakoti, explained in the previous verse,
and are equal to Rcosu and Rcosz, respectively. The
term antyakrantijya refers to the expression R sine. Hav-
ing understood the terms, it can be seen that (9) can be
obtained by simply substituting (5) for sin u in (6).

The sine inverse term in the above expression, as in the
case of the expression found in the previous verse, gives
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the length of the arc RL, which is to be added to or sub-
tracted from the longitude (4,) of the rasikiitalagna, to ob-
tain the longitude (4;) of the orient ecliptic point. The last
quarter of this verse states the conditions for the positive
and negative application of the arc RL to A, which though
appearing to be different, are equivalent to the conditions
stated in the previous verse. This verse states that the arc
RL has to be added or subtracted to 1, depending upon
the difference or sameness in the directions of the gunya
(multiplicand) and the guna (multiplier). From the first
line of the verse, it is evident that the guna refers to the
drkksepajya (R sin zy), which is the multiplier of the quan-
tities R sin «, and R sin €. The product of these two quanti-
ties, which from (5) we know to be R sin y, is to be consid-
ered the gunya here. Therefore, the addition or subtrac-
tion of the arc RL to 4, depends upon the difference or
sameness in the directions of R sin u and R sin z,4. This is
equivalent to the rule stated in the previous verse, where
we have also discussed its validity.

3 Determining the ascendant from the
unmandalalagna

In this section we discuss the second of the three methods
discussed in this paper for the determination of the udaya-
lagna, as outlined in verses 44-49 of the second chapter
of the Lagnaprakarana. This method involves first de-
termining a quantity known as the drkksepakotika or the
rasikiitaprabha, the procedure for which is described in
verses 44-47. Next, using this result, verse 48 gives the
relation for the computation of the longitude of the un-
mandalalagna, or the point of intersection of the eclip-
tic and the six o’ clock circle. Finally, verse 49 gives
the method of calculating the udayalagna using the un-
mandalalagna.

3.1 Determining the drkksepakotika or the
rasikGtaprabha

FIGHU il I T 118
FEILSIITAT 0 HGFEa: 1%l
e ST e T ST =TT ¥ |
HHHARE AT FhITwIars direa gyl
mﬁ:ﬂﬁﬁzmﬁzml

¥Manuscripts read 1. Emended as the relation requires multipli-
cation by R sin ¢ and not division.

11

TRTHETT ST AT FRHTTHITHT 188l

kalalagnasya kotyuttham

krantimaksagunahatam |
lambantyadyujyayorghate

svarnam karkimrgaditah 11441
krtva trijivaya hrtva

tatra labdha bhuja bhavet |
kalalagnasya bahiittha

krantirevatra kotika 1145l
anayoratha dohkotyoh

vargasamyogatah padam |
rasikiitaprabha jiieya

saiva drkksepakotika 1146l
Having applied the declination computed from the
Rcosine of the kalalagna—which is multiplied by
the Rsine of the latitude (aksaguna)—to the prod-
uct of the Rcosine of the latitude (lamba) and the
last day-radius (antyadyujya) positively or nega-
tively depending on [whether the kalalagna is in]
Cancer (karki) etc. or Capricorn (mrga) etc., [the
result] is divided by the radius (trijiva). The re-
sult there would be the bhuja. The declination
found from the kalalagna itself is the kotika here.
Now, the square-root [taken] from the sum of the
squares of these doh (i.e. bhuja) and koti should
be known as the shadow of the pole of the ecliptic
(rasikiitaprabha). That itself is the Rcosine of the
drkksepa (drkksepakotika).

The above verses give a relation to determine the
drkksepakotika or the rasikiitaprabha (R cos zg), which
has also been referred to previously as parasarnku in
verses 37-38, and as drkksepakoti in verses 42-43. The
given relation is

Rcoszy =4/ bhujd2 + ko.ti2

(10)
where,
bhuja = (lambajya x antyadyujya =+ aksaguna X
kalalagnasya kotyuttha krantijya) + trijiva

Rcos¢ - Rcose = Rcosa, sine - Rsin¢
R , (1D

and

koti = kalalagnasya bahiittha krantijya
(12)

= Rsina, sine.
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(a) Visualising the rasikiitaprabha.
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(b) The right-angled triangle having the sides rasikiitaprabha, bhuja and koti.

Figure 6 Determining the drkksepakotika or the rasikiitaprabha.

12
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Figure 7 The hour angle of the pole of the ecliptic, and its angular separation from the celestial pole.

From (10), it is clear that the author has visualised a
planar right-angled triangle inside the celestial sphere,
whose hypotenuse is the desired quantity, i.e. drkksepa-
kotika, and whose sides are equivalent to the expressions
for bhuja and koti. We will show that this is the trian-
gle V'N'O in Figure 6a. This figure is the same as Fig-
ure 1, but depicts the northern hemisphere of the celes-
tial sphere. Therefore, in this figure, the great circle arcs
NPJZ and VKZDC correspond to the prime meridian and
the drkksepavrita'® respectively. It may be noted that the
portion of the prime meridian between the points N and
P in this figure is not shown so that the desired planar tri-
angles inside the celestial sphere can be seen clearly.

In this figure, the right-angled triangle KV'N’, whose
side KV’ is the gnomon corresponding to the pole of the
ecliptic (K), is perpendicular to the horizon. As the arc
KV = z4,% we have

KV’ =Rsinz;, and OV’ = Rcosz,.

YThe great circle passing through the pole of the ecliptic and the
drkksepalagna.

0The zenith distance of the drkksepalagna is given by ZD = z,4. As
KD =ZV =90,wehave KZ =90 — z5,and KV = z,.

Also, as KN’ is the semi-chord corresponding to the arc
KN, we have

KN’ =RsinNK, and ON’ = RcosNK.
In the right-angled triangle KV’'N’, we now have
N'V'"? = (Rsin NK)? — (Rsin zy)?,
which can be rewritten as
N'V'? = (Rcos z4)? — (R cos NK)?
=0V’ — ON"?,

which proves that the triangle V'ON’ is right-angled at
N'. This triangle has the drkksepakotika (R cos zy) as its
hypotenuse.?! Now, we will show that the sides ON’ and
N'V’ correspond to the bhuja and koti given in the verse.

Determining the koti

To determine the koti, consider the great circle arc KJRE
in Figure 6a, which is the secondary to the ecliptic from

ZIn the figure, it is possible to conceive of the side OV’ to be the
‘shadow’ of the gnomon (KV") dropped from the pole of the ecliptic.
This appears to be reason for calling it the rasikiitaprabha.

13
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its pole K, and which also passes through the east cardinal
point (E). As E is the pole for the prime meridian, the arc
KJRE is perpendicular to the prime meridian at J. There-
fore, the semi-chord corresponding to the arc KJ, whose
measure is 4,>? would be the perpendicular distance be-
tween K and the plane of the prime meridian. That is,

RsinKJ = Rsin u.

Asthe point V' is the image of K on the horizon, and the
line ON is the image of the plane of the prime meridian
on the horizon, we also have

N'V' =Rsinu

= Rsina, sine, [using (5)]

which is the same as (12).

The expression for the koti can also be alternatively val-
idated as follows. In Figure 6a, as the arcs NE = VL = 90,
we have the arc NV = A’, which is the amplitude of the
rising point of the ecliptic. Now, consider the similar tri-
angles V'ON’ and VOX in Figure 6b, where VX = Rsin A’
corresponds to the Rsine of the arc NV. Applying the rule
of proportionality of the sides of similar triangles, we have

RsinA’ X Rcoszy

NV = R

(13)

Now, in the spherical triangle REL in Figure 1, where
R is the rasikiitalagna, and L is the udayalagna, we have
and EL=A.

ERL = 90, ER =y,

Also, from (17) in our previous paper, the angle between
the ecliptic and the horizon RLE = 90 — z,4. Applying the
sine rule in this spherical triangle, we have

RsinA’' X Rcoszy

= (14)

Rsinu =

Therefore, from (13) and (14), we have N'V’ = Rsiny,
which is the same as (5) and (12). By comparing (14) and
(5), we can appreciate how apparently different pairs of
physical quantities can give rise to the same result.

22The quantity u has appeared in a number of relations, starting with

verse 36, and corresponds to the ‘declination’ calculated from the kala-
lagna, given by the measure of the arc ER in Figure 1, as well as the
expression (5). As K is the pole for the ecliptic on which the rasi-
kuitalagna (R) lies, and as E is the pole for the prime meridian on
which J lies, we have KR = JE = 90. Therefore, it can be seen
that KJ = ER = .

To determine the bhuja, we require the hour angle of
the pole of the ecliptic, as well as its angular separation
from the celestial pole. The method to determine these
quantities is discussed next.

Determining the hour angle of the pole of the ecliptic,
and also its angular separation from the celestial pole

Figure 7 depicts the celestial sphere from the point of view
of the equatorial plane. In this figure, the great circle
arcs PZTMQ and PUEQ correspond to the prime merid-
ian and the six o’clock circle respectively. Now, consider
the great circle arc PKS}S,Q, which is a meridian passing
through the pole of the ecliptic (K), and meets the eclip-
tic at S,. Naturally, this arc would also be a secondary to
the ecliptic, which implies that it is perpendicular to the
equator as well as the ecliptic. This is only possible when
it intersects the ecliptic at the solstitial point (S,). As the
solstitial point is the point of the maximum declination of
the ecliptic, we have S,S; = €. Also, as KS, = PSj = 90,
we have KP = S,S;. Therefore, the angular separation
between the celestial pole and the pole of the ecliptic is
given by

KP=c¢. (15)

Now, the hour angle (Hy) of the pole of the ecliptic is
given by the spherical angle S;PT, or the measure of the
arc S;T, where T is the intersection of the prime merid-
ian and the equator. As S, is the solstitial point, we have
S;I = S, I = 90. As the east cardinal point is the pole
of the prime meridian, we also have ET = 90. Therefore,
we obtain S}T = I'E. However, as T'E is nothing but the
kalalagna (a,),?* we have the hour angle of the pole of the
ecliptic

Hy =S,T = a,. (16)

Determining the bhuja

To determine the bhuja, consider the spherical triangle

NPK in Figure 8a. In this triangle, we have
PN=¢, KP=¢ and KPN =180—H,

where H is the hour angle of the pole of the ecliptic. As
Hj, = a, from (16), we have?*

KPN =180 — «,.

23See our discussion of verse 30 in [7].
%In Figure 8a, the pole of the ecliptic is in the western hemisphere.
Instead, when the pole of the ecliptic is in the eastern hemisphere, we

14
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(b) Determining the equivalent dohprabha in verse 47.

Figure 8 Determining the bhuja or the dohprabha of the rasikiita.
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Applying the cosine rule of spherical trigonometry in this
triangle, we have

cos NK = cos ¢ cose + sin ¢ sin € cos(180 — «t,,)

= Ccos ¢ cos € — sin ¢ sin € cos a,.

The function —cos ¢, is positive in the range 90 to 270
degrees, and negative in the range 270 to 90 degrees. Thus,
the above relation can be written as

cos NK = cos ¢ cose =+ | sin ¢ sin € cos o, |

where the second term is to be applied positively when a,
is in the range of 90 to 270 degrees (i.e., Cancer etc.), and
negatively when «, is in the range of 270 to 90 degrees (i.e.,
Capricorn etc.).?> Multiplying both sides by R, the LHS of
the above equation denotes the side ON’ in the triangle
V'N’O in Figure 6a, and the RHS satisfies the magnitude
and conditions for (11) stated in the verse.

In the first half of verse 46, the author refers to the bhuja
as the doh. This same quantity is also referred to as the
dohprabha in the next verse, which gives an alternative
method for calculating the same.

HIHS TSI SAT HASATHICHIEAT |
[ERRIGIEIR ECE RIBEra KBk WP

kalalagnabhujadyujya

madhyajyakotikahata |
trijyapta va bhavedatra

rasikitasya dohprabha 1147||

Or, the day-radius (dyujya) corresponding to the
kalalagnabhuja is multiplied by the Rcosine of
the madhyajya (madhyajyakotika) and divided by
the radius (trijya). The remainder would be the
dohprabha of the pole of the ecliptic (rasikita).

This verse gives the following relation to determine the
dohprabha, which is another term for the bhuja described

have KPN = H, — 180 = o, — 180. As cos(180 — «,) = cos(ct, —
180), the result does not change in the following calculations.
251t may also be noted that sin € and sin ¢ are always positive.

16

in verses 44-46. The given expression is:?

dohprabha = (kalalagnabhujadyujya x
madhyajyakotika) + trijya

R R
_ COS,L[); C0S Zpy, a”n

The term dohprabha can be understood as the doh or
the bhuja (i.e. the lateral) in a right-angled triangle, where
the hypotenuse is the rasikiitaprabha. Therefore, the
dohprabha is the same as the bhuja given by (11), and
corresponds to the side ON’ in the right-angled triangle
V'ON' in Figure 6a. In our discussion of verses 44-46,
we have shown that ON’ = Rcos NK, where NK is the
great circle arc passing through the north cardinal point
and the pole of the ecliptic. There, this quantity was de-
termined using the spherical triangle NPK in Figure 8a.
The expression given in (17) for this quantity can be de-
rived by considering the spherical triangle NJK in Fig-
ure 8b. In this triangle, we have NJ = zm,27 JK = u, and
NJK = 90.2% Applying the cosine rule in this spherical
triangle, we have

COSNK = cos ucos z,,

Rcosu X Rcos zy,

RcosNK =
cos R

or,

which is the same as (17).

3.2 Determining the unmandalalagna

FIGGU TR I ATTHGIRA |
g)q(med N dd IS EAGUHRT 19|

kalalagne svakotyuttham
vyastam pranakalantaram |
kuryattada bhavedetat
unmandalavilagnakam 1148l|

To the kalalagna, one should apply its own

261t may be noted that the expression kalalagnabhujadyujya in the
verse is to be interpreted as WWW When the Sun’s
declination is &, the corresponding day-radius or dyujya is equal to
Rcosd. Similarly, when the ‘declination’ corresponding to the kala-
lagna is W, its corresponding day-radius is to be taken as R cos u.
"We have JM = 90, as the madhyalagna is the pole of the great circle
arc KJRE (see our discussion of verse 31). We also have PT = 90, as
P is the pole for any point on the equator. Therefore, we have PJ =
TM =6,,. Now,NJ = NP+ PJ =¢+ 6, =ZT +TM = z,,.
BFor the values of JK and NJK, see our discussion in the previous
section titled ‘Determining the koti’.
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koti-pranakalantara reversely. Then, this would
be lagna on the six-o-clock circle (unmandala-
vilagna).

This verse gives the method to determine the longitude
of the point of intersection of the ecliptic and the six o’
clock circle. Called the unmandalalagna, this point is de-
termined by applying the koti-pranakalantara to the kala-
lagna reversely:

unmandalalagna = kalalagna ¥
koti-pranakalantara

or, Ay =0 F | Ay — s (18)
where A, is the longitude of the unmandalalagna, which
is depicted by the point U in Figures 9a and 9b.

The six o’ clock circle is the meridian which passes
through the east cardinal point (E). As the unmandala-
lagna also lies on the this meridian, at the point of its inter-
section with the ecliptic, the right ascension correspond-
ing to the longitude of the unmandalalagna is the arc T'E,
which is nothing but the kalalagna. Thus, applying the
pranakalantara to the longitude of the unmandalalagna

would give the kalalagna. That is,
a, = A, £ pranakalantara = 1, £ |1, — a,|,

where, the pranakalantara can be obtained by any of the
techniques described in an earlier paper.?® However, to
determine the unmandalalagna from the kalalagna, the
pranakalantara has to be applied reversely. That is,

/1u =+ Mu - ae|’

which is the same as the relation given in the verse. It
may be noted that, when considered with respected to the
equatorial point E, the above pranakalantara is called the
koti-pranakalantara, as E and U lie of the same merid-
ian.3® Applying the nija-pranakalantara to the kalalagna
would give the rasikiitalagna,® and not the unmandala-
lagna. Thus, to avoid confusion, the author clearly states
in the verse that one has to apply the koti-pranakalantara
reversely to the kalalagna to obtain the unmandalalagna.

See [8].
30See our discussion on verse 31.
31 Again, see our discussion on verse 31.
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3.3 Determining the udayalagna
TARAGHIEH IS -
FrTAITTH IAT: THATSaTdT: |
VRS U FATT

T AT IgacaSs T 18R

bhiiyastadunmandalalagnake sva-
dohkrantimaurvyah palataditayah |
bhakiitabhaptasya dhanusca kuryat
vyastam tada vodayalagnakam syat 1149

Again, to that unmandalalagna, one should ap-
ply positively®? or reversely (vyastam) the arc cor-
responding to the quotient obtained from the di-
vision of the product of the Rsine of the declina-
tion corresponding to own longitude [i.e., of the un-
mandalalagna] and the latitude [of the observer],
by the bhakiitabha. Then [the result] would be the
udayalagna.

This verse gives the following relation to determine the
udayalagna from the unmandalalagna:

udayalagna = unmandalalagna +

!

of, A =1,£R sin™* (

svadohkrantimauri X palajya
bhakiitabha
Rsiné, X Rsin¢
Rcoszy

dhanu

)

).

where 6, is the declination of the unmandalalagna, rep-
resented by the great circle arc UE in Figures 9a and 9b.
The term bhakiitabha in the above expression is nothing
but the rasikitaprabha, or the drkksepakotika discussed
in verse 46.

The validity of the above relation can be verified from
the spherical triangle UEL in Figures 9a and 9b, where we
have UE = &, and UEL = ¢. Also, from (17) in our pre-
vious paper, we have the angle between the ecliptic and
the horizon ULE = 90 — z4. Applying the sine rule of
spherical trigonometry, we have

sin §,, X sin ¢
coszg

sinUL =

In Figure 9a, where the unmandalalagna is above the
horizon, we can see that adding the arc UL to the longi-
tude of the unmandalalagna (T'U) gives the udayalagna
(T'L). In Figure 9b, where the unmandalalagna is below

32The word kuryat in the verse is interpreted here as ‘apply positively’.
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(a) Unmandalalagna above the horizon.

(b) Unmandalalagna below the horizon.

Figure 9 Determining the udayalagna from the unmandalalagna.
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the horizon, the arc UL needs to be subtracted from the
longitude of the unmandalalagna to obtain the udaya-
lagna. Thus, the prescription given in the verse to add
or subtract the arc UL to the unmandalalagna to obtain
the udayalagna is found to be valid.

4 Determining the ascendant from the
kalalagna

In this section we discuss the third method for determin-
ing of the udayalagna as outlined in verses 50-52 of the
second chapter of the Lagnaprakarana. Whereas verses
50 and 51 describe yet another technique for calculating
the drkksepajya, verse 52 makes use of this quantity as
well as the kalalagna to present a very interesting method
for the determination of the udayalagna. Indeed, the
method described in verse 52 attests to the spatial under-
standing and mathematical genius of Madhava.

4.1 Another method of obtaining the
drkksepajya

TZT B ASIAT ST ShIf~T o BISgdi

T BT TATT G R TUT SATATEHH B |
ST ATTSHHR T RTETTEIAT STHATE S %oy

FRI TSI SHATSUTE?S gaasaTad 1ol
farfasTgIRges Arafa: gt |

AHTEH eI AMRTHSAT Fe: 1149l

yadva kalavilagnato bhujagunam
krantim ca kotyudbhavam
nitva kotyapamavalambakavadhat
vyasardhabhaktam phalam |
antyapakramakotikaksavadhato
vyasardhabhakte phale
karkyenadivasat kramadrnadhanam
drkksepajivaptaye 1150
ksitijadrasikiitasya sonnatih parikirtita |
tasmadenam vadantyatra
rasikiatanaram budhah 11511

Or, having computed the Rsine from the kala-
vilagna, and [therefrom] the declination from its
Rcosine (kotyapama), the product of the kotya-
pama and the Rcosine of the latitude (avalam-

3Manuscripts read $hfTg199T. Emended as the reverse order is re-
quired.

baka) divided by the semi-diameter (vyasardha) is
the result. This has to be applied negatively or pos-
itively to the result of the division of the product
of the Rcosine of the last declination (antyapakra-
makotika) and [the Rsine of] the latitude (aksa)
by the semi-diameter (vyasardha), depending on
[whether the kalalagna lies in the six signs] Can-
cer (karki) etc., or Capricorn (ena) etc., in order to
obtain the Rsine of the drkksepa (drkksepajiva).
That is stated to be the altitude of the pole of the
ecliptic from the horizon. Therefore, scholars state
it to be the gnomon of the pole of the ecliptic
(rasiktutanara).

These verses describe yet another method to determine
the drkksepajya, and note that this quantity is equivalent
to the gnomon (nara) corresponding to the pole of the
ecliptic (rasikiita). The relation prescribed in the verses
is as follows:

antyapakramakotika x aksajya .

drkksepajiva = vyasardha +
avalambakajya x kotyapama
vyasardha
or,
Rsinzy = Rcose X Rsing + Rcos¢ X Rcosa,sine

R - R ’

(20)
where the term kotyapama (i.e. koti-apama) is to be un-
derstood as the ‘declination’ calculated using the Rco-
sine of the kalalagna. Thus, this expression is equal to
Rcosa,sine.

In our discussion of verses 44-46, we have already
shown that the measure of the gnomon dropped from the
pole of the ecliptic is equal to the drkksepajya (R sin z,).
This is evident in Figure 6a, where the gnomon KV’ is
equal to R sin zy. This same gnomon is also shown in Fig-
ure 10, where, by considering the spherical triangle PKZ,
we can show the validity of (20).3* In this triangle, we
have PZ = 90 — ¢, KP = ¢, and KPZ = «,.>> Noting that
KZ = 90—z, and applying the cosine rule in this triangle,
we have

sin z; = cosesin ¢ + sin e cos ¢ cos a,.

3Nilakantha in his Tantrasarigraha describes a similar relation to de-
termine the drkksepajyd. For a detailed discussion, see [15], pp. 242—
245. The following proof borrows partly from this discussion.

35The latter two relations from (15) and (16) respectively.
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Figure 10 Another method of determining the drkksepa.

The function cos «, is positive in the range 270 to 90 de- krtva drkksepamakse dhanamrnamamund
grees, and negative in the range 90 to 270 degrees. Thus, kalalagnasya dorjyam
the above relation can be written as hatva drkksepakotya hrtamatha carama-

krantibanena hatva |
hrtvantyakrantimaurvya phalamiha tu punah
capitam kalalagne
svarnam digbhedasamye bhujagunagunayoh
pragvilagnasya siddhyai 1152|]

sinzy = cosesing + | sin e cos ¢ cos a,|,

where the second term is to be applied positively when
a, is in the range of 270 to 90 degrees (i.e. Capricorn etc.),
and negatively when «, is in the range of 90 to 270 degrees
(i.e. Cancer etc.) respectively.>® Multiplying by R, we have Having applied the positive or negative [Rsine
the expression of the] drkksepa to the [Rsine of the] latitude
(aksa), and having multiplied the Rsine of the kala-
lagna by this, [the result] is divided by the Rco-
which is equivalent to (20). sine of the drkksepa (drkksepakoti). Now, having
multiplied [the previous result] by the Rversine
of the maximum declination (caramakrantibana)
and divided by the Rsine of the last declination

Rsinz; = Rcosesing + Rsin e cos ¢ cos o,

4.2 Determining the udayalagna

WW‘% YA ITHAAT (antyakrantimaurvi), the result is converted to arc
EACIGHEDKC D) again. [That arc] becomes additive or subtractive
WWWW to the kalalagna, depending on the difference and
Wﬁ'ﬁT‘ﬁ‘TgﬁT | similarity of the directions of the bhujaguna (i.e.
mw%ﬁa‘rmﬁgggm Rsine of the kalalagna) and the semi-chord (guna)
IS FSST [whose arc is determined above], in order to obtain

W‘ﬁﬁ"ﬁw W: the orient ecliptic point (praglagna).

T Rrgar 4RI
36Tt may also be noted that sin € and cos ¢ are always positive. The above verse gives the following relation to deter-
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mine the udayalagna:

udayalagna = kalalagna + capa

(

(aksajya + drkksepa) x kalalagnasya dorjya
- X
drkksepakoti

caramakrantibana
antyakrantimaurvi

or,

. -1
A = a, £ Rsin

<(R sin¢ + Rsinzy) X Rsina,

Rcoszy

The above expression reveals an impressive technique
for determining the udayalagna, and really attests to the
genius of the author of the text. This expression can be de-
rived with the help of Figures 11 and 12. The former fig-
ure is representative of the situation when the kalalagna
is in the first two quadrants (0 < a, < 180), and the lat-
ter figure is representative of the situation when the kala-
lagna is in the third and fourth quadrants (180 < ¢, <
360). Each of these cases is dealt separately below.

Rversine
Rsine

). (21)

Kalalagna in the first two quadrants

Figure 11, which depicts the kalalagna in the first quad-
rant, is representative of the case when the kalalagna is
in the first two quadrants. In this figure, we have drawn
the great circle arc EY such that I'Y = TE. AsTE = «,,
the longitude of the udayalagna is clearly

A =TY+YL=a,+YL.

In what follows, we show how to determine YL.

In the spherical triangle 'EY, as 'Y = T'E, we also have
I'YE = TEY. Let these two angles be denoted by y. Also,
YTE = Using the sine rule, we have

sina, sine

SsinYE = - (22)
siny
Applying the cosine rule for the side YE, we have
cosYE = cos®a, + sin’ O COSE. (23)

Now, applying the cosine rule for the side I'E, we have

cosa, = cosa, cos YE + sina, sin YE cos y.

21

Using (22) and (23) in the above equation, and simplify-
ing, we obtain®’

cosy cosa, X (1—cose)

24
siny sine (24)

AsTEL = 90 + ¢, we have YEL = 90 + ¢ — y. From
(17) in our previous paper, we also have YLE = 90 — z.
Now, applying the sine rule in the spherical triangle YEL,

we have
sin YE X cos(¢ — y)

COS Zg

sinYL =

Substituting for sin YE using (22), and simplifying by ex-
panding cos(¢ — y), we get

cosy

sina, sine
— X -
siny

COS Zy4

sinYL = (sin ¢+ cos¢ X

Using (24) and further simplifying, we obtain

sina, X (1 — cose)
CoSzg X Sine

sinYL =

(sin¢ + sin ¢ cos € + cos ¢ cos «t, sin€).

Employing (20) in the second term of the RHS of the
above equation, we get

sinca, X (1 — cose)
CoSzg X Sine

YL =sin™" < X [sin ¢ + sin zd]>.

Therefore, we have

A=, + Rsin™!

(

It may be noted that the above result only holds when
the kalalagna is in the first two quadrants. In this sce-
nario, the amplitude of the udayalagna will always be
northwards and the arc YL has to be added to the kala-
lagna to obtain the udayalagna. The semi-chords corre-
sponding to the kalalagna (T'Y) and the arc YL lie in the
plane of the ecliptic and will be perpendicular on either
side to the radius of the ecliptic drawn from the point Y.
Thus, the verse notes that the arc obtained above has to
be added to the kalalagna when the semi-chords lie in op-
posite directions.

R —Rcose
Rsine

(Rsin¢ + Rsinzy) X Rsina,
Rcoszy

) . (25)

37This relation can also be directly obtained by applying the four part
formula in the spherical triangle TE'Y.
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Figure

\//

®Quag,,

2 Determining the udayalagna when the kalalagna and the drkksepa are in different directions.
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Kalalagna in the third and the fourth quadrants

When the kalalagna is in the third and fourth quadrants,
the amplitude of the udayalagna is southwards. Figure 12
depicts one scenario when the kalalagna is in the fourth
quadrant. In this figure, we have drawn the great circle
arc EY such that YT = ET = 360 — «t,. Thus, we have
I'Y = TE = «,, and the longitude of the udayalagna is
clearly
A =TY—-YL=a,—YL.

In this case, it can be shown through a similar procedure
as followed earlier that the arc

sina, X (1 — cose)
coszg X sine

YL = sin™"' ( X [sin ¢ + sin zd]>.

and therefore,

A=, — Rsin™!
<(Rsin¢> + Rsinzy) X Rsina,
Rcoszy

R —Rcose
Rsine

> . (26)

In this scenario, the semi-chords corresponding to the
kalalagna (I'Y) and the arc YL lie in the plane of the eclip-
tic, and will be perpendicular on the same side to the ra-
dius of the ecliptic drawn from the point Y. Thus, the
verse notes that the obtained arc has to be subtracted from
the kalalagna in this situation.

Thus, it can be seen that the two relations (25) and (26)
taken together yield (21). It may however be noted that
while we have the expression R sin ¢ + R sin z; in (21), the
corresponding expressions in (25) and (26) contain only
the positive sign. We are unable to ascertain the scenario
in which the negative sign may be required.

5 Conclusion

The current paper discusses three broadly different ap-
proaches for the determination of the ascendant. These
amply demonstrate Madhava’s remarkable mastery in vi-
sualising various intricate projections inside the celestial
sphere and his ability to expertly intuit the relationships
between them. The diversity of the approaches attest to
the scientific curiosity of the author, and have great ped-
agogical significance for attaining mastery in any science.
The remarkable results discussed in the paper highlight
the pressing need to preserve and study these important
category of texts, and to popularise their contributions

24

among scholars and lay people alike. To this end, in fur-
ther papers we will bring out many more interesting re-
sults presented in the Lagnaprakarana.
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