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This refers to the paper entitled “Retrograde motion
as described in Brahmatulyaudāharaṇam of Viśvanātha”
BS Subha and BS Shylaja published in IJHS 55.1 (2020):
40–48. The explanation for retrograde motion of a planet
is based on the concept that the planet appears station-
ary as seen from the earth owing to the relative motion.
The standard formula used for the derivation of station-
ary points in the orbit of a planet involves the condi-
tion that the sum of velocities be zero. Here we provide
the standard derivation from textbooks and an alternative
method of arriving at the same result. Further we com-
pare it with the method provided in Karaṇakutūhala of
Bhāskarācārya and show that the same result has been
arrived at by Bhāskarācārya as cited in the paper on the
examples from Brahmatulyaudāharaṇam.

1 Formulation of the problem

Let us consider the procedure as taught today from con-
ventional text books. The purpose is to find the condi-
tion for the difference in the longitudes of the sun and the
planet is zero. Figure 1 depicts the positions of the earth,
the sun and the planet. The longitudes are measured with
the reference direction of 𝛾, the First Point of Aries. The
earth-sun distance is indicated by a, planet-sun distance
is indicated by b, the earth-planet distance by 𝜌. The lon-
gitudes are also marked. For the derivation we draw per-
pendiculars PN and EQ on to S𝛾 and mark the point 𝑀 so
that 𝐸𝑀 is parallel and hence equal to 𝑁𝑄.

We form a set of equations from the basic trigonometric
relation from the triangle
𝑃𝑁 = 𝑃𝑀 + 𝑀𝑁 can be written as
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Figure 1 The geometry of the problem.

𝑏 𝑠𝑖𝑛𝑙 = 𝜌 𝑠𝑖𝑛 𝑃𝐸𝑀 + 𝐸𝑄 = 𝜌 𝑠𝑖𝑛𝜆 + 𝑎 𝑆𝑖𝑛 𝐿 (1)

In this equation 𝜌 𝑙, 𝜆 and 𝐿 are all varying with time.
Therefore, by differentiating we get

𝑏 𝑐𝑜𝑠 𝑙 𝑑𝑙𝑑𝑡 = 𝜌 𝑐𝑜𝑠 𝜆𝑑𝜆𝑑𝑡 + 𝑠𝑖𝑛 𝜆𝑑𝜌𝑑𝑡 + 𝑎 𝑐𝑜𝑠 𝐿𝑑𝐿𝑑𝑡
We multiply this by 𝜌 𝑐𝑜𝑠 𝜆 to get

𝑏 𝜌 𝑐𝑜𝑠 𝜆 𝑐𝑜𝑠 𝑙 𝑑𝑙𝑑𝑡 = 𝜌2𝑐𝑜𝑠2 𝜆𝑑𝜆𝑑𝑡 +

𝜌 𝑐𝑜𝑠 𝜆 𝑠𝑖𝑛 𝜆𝑑𝜌𝑑𝑡 + 𝜌 𝑐𝑜𝑠 𝜆 𝑎 𝑐𝑜𝑠 𝐿𝑑𝐿𝑑𝑡
Rearranging

𝜌2𝑐𝑜𝑠2𝜆𝑑𝜆𝑑𝑡 = 𝑏 𝜌 𝑐𝑜𝑠 𝜆 𝑐𝑜𝑠 𝑙 𝑑𝑙𝑑𝑡−

𝜌 𝑐𝑜𝑠 𝜆 𝑠𝑖𝑛 𝜆𝑑𝜌𝑑𝑡 − 𝜌 𝑐𝑜𝑠 𝜆 𝑎 𝑐𝑜𝑠 𝐿𝑑𝐿𝑑𝑡 (2)
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Let us multiply (1) by 𝑠𝑖𝑛𝑙

𝑏 𝑠𝑖𝑛2𝑙 = 𝜌 𝑠𝑖𝑛 𝑙 𝑠𝑖𝑛 𝜆 + 𝑎 𝑠𝑖𝑛 𝑙 𝑠𝑖𝑛 𝐿 (3)

Let us multiply (1) by 𝑠𝑖𝑛𝐿

𝑏 𝑠𝑖𝑛 𝐿 𝑠𝑖𝑛 𝑙 = 𝜌 𝑠𝑖𝑛 𝐿 𝑠𝑖𝑛 𝜆 + 𝑎 𝑠𝑖𝑛2𝐿 (4)

Let us now get three more equations with the other iden-
tity derived from
𝑆𝑄 = 𝑆𝑁 + 𝑁𝑄 which can be written as

𝑎 𝑐𝑜𝑠 𝐿 = 𝑏 𝑐𝑜𝑠 𝑙 + 𝑀𝐸 = 𝑏 𝑐𝑜𝑠 𝑙 + 𝜌 𝑐𝑜𝑠 𝑃𝐸𝑀
= 𝑏 𝑐𝑜𝑠 𝑙 − 𝜌 𝑐𝑜𝑠 𝜆 (5)

Differentiating this equation for the variables, we get

−𝑎 𝑠𝑖𝑛 𝐿𝑑𝐿𝑑𝑡 = −𝑏 𝑠𝑖𝑛 𝑙 𝑑𝑙𝑑𝑡 − 𝜌 𝑠𝑖𝑛 𝜆𝑑𝜆𝑑𝑡 − 𝑐𝑜𝑠 𝜆𝑑𝜌𝑑𝑡

Multiplying this 𝜌𝑠𝑖𝑛𝜆 we get

−𝑎 𝜌 𝑠𝑖𝑛 𝜆 𝑠𝑖𝑛 𝐿𝑑𝐿𝑑𝑡 = −𝑏 𝜌 𝑠𝑖𝑛 𝜆 𝑠𝑖𝑛 𝑙 𝑑𝑙𝑑𝑡−

𝜌 𝑠𝑖𝑛 𝜆 𝑐𝑜𝑠 𝜆𝑑𝜌𝑑𝑡 − 𝜌2𝑠𝑖𝑛2𝜆𝑑𝜆𝑑𝑡

Or

𝜌2𝑠𝑖𝑛2𝜆𝑑𝜆𝑑𝑡 = 𝑎 𝜌 𝑠𝑖𝑛 𝜆 𝑠𝑖𝑛 𝐿 𝑑𝐿
𝑑𝑡 −

𝑏 𝜌 𝑠𝑖𝑛 𝜆 𝑠𝑖𝑛 𝑙 𝑑𝑙𝑑𝑡 − 𝜌 𝑠𝑖𝑛 𝜆 𝑐𝑜𝑠 𝜆𝑑𝜌𝑑𝑡 (6)

As done above we multiply (5) by 𝑐𝑜𝑠𝑙 and 𝑐𝑜𝑠𝐿 sepa-
rately to get

𝑎 𝑐𝑜𝑠 𝐿 𝑐𝑜𝑠 𝑙 = 𝑏 𝑐𝑜𝑠2𝑙 − 𝜌 𝑐𝑜𝑠 𝜆 𝑐𝑜𝑠 𝑙 (7)

𝑎 𝑐𝑜𝑠2𝐿 = 𝑏 𝑐𝑜𝑠 𝑙 𝑐𝑜𝑠 𝐿 + 𝜌 𝑐𝑜𝑠 𝐿 𝑐𝑜𝑠 𝜆 (8)

Adding equations (2) and (6) we get,

𝜌2 (𝑐𝑜𝑠2𝜆 + 𝑠𝑖𝑛2𝜆) 𝑑𝜆𝑑𝑡
= 𝑏 𝜌 (𝑐𝑜𝑠 𝜆 𝑐𝑜𝑠 𝑙 + 𝑠𝑖𝑛 𝜆 𝑠𝑖𝑛 𝑙) 𝑑𝑙𝑑𝑡
−𝑎 𝜌 (𝑐𝑜𝑠 𝜆 𝑐𝑜𝑠 𝐿 + 𝑠𝑖𝑛 𝜆 𝑠𝑖𝑛 𝐿) 𝑑𝐿𝑑𝑡

𝜌2 𝑑𝜆𝑑𝑡 = 𝑏 𝜌 (𝑐𝑜𝑠 𝜆 𝑐𝑜𝑠 𝑙 + 𝑠𝑖𝑛 𝜆 𝑠𝑖𝑛 𝑙) 𝑑𝑙𝑑𝑡
−𝑎 𝜌 (𝑐𝑜𝑠 𝜆 𝑐𝑜𝑠 𝐿 + 𝑠𝑖𝑛 𝜆 𝑠𝑖𝑛 𝐿) 𝑑𝐿𝑑𝑡

𝜌2 𝑑𝜆𝑑𝑡 = 𝑏 𝜌 𝑐𝑜𝑠 (𝜆 − 𝑙) 𝑑𝑙𝑑𝑡 − 𝑎 𝜌 𝑐𝑜𝑠 (𝜆 − 𝑙) 𝑑𝐿𝑑𝑡 (9)

adding (3) and (7) we get

𝑏 = 𝑎 𝑐𝑜𝑠 (𝑙 − 𝐿) − 𝜌 𝑐𝑜𝑠 (𝜆 − 𝑙) (10)

Similarly adding (4) and (8) we get,

𝑎 = 𝑏 𝑐𝑜𝑠 (𝑙 − 𝐿) − 𝜌 𝑐𝑜𝑠 (𝜆 − 𝑙) (11)

Inserting (10) and (11) in to (9) we get,

𝜌2 𝑑𝜆𝑑𝑡 = 𝑎𝑏 𝑐𝑜𝑠 (𝑙 − 𝐿) 𝑑𝑙𝑑𝑡 + 𝑏2 𝑑𝑙𝑑𝑡−

𝑎2 𝑑𝐿𝑑𝑡 + 𝑎𝑏 𝑐𝑜𝑠 (𝑙 − 𝐿) 𝑑𝐿𝑑𝑡

𝜌2 𝑑𝜆𝑑𝑡 = (𝑎 𝑏 𝑐𝑜𝑠 (𝑙 − 𝐿) − 𝑎2) 𝑑𝐿𝑑𝑡 +

(𝑎𝑏 𝑐𝑜𝑠 (𝑙 − 𝐿) − 𝑏2) 𝑑𝑙𝑑𝑡 (12)

From Kepler’s III law, we know that

(𝑑𝐿𝑑𝑡 )
2
𝑎3 = (𝑑𝑙𝑑𝑡 )

2
𝑏3 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 = 𝑚 (13)

which also means

𝑑𝑙
𝑑𝑡 = (𝑚𝑏3 )

1
2 (14a)

𝑑𝐿
𝑑𝑡 = (𝑚𝑎3 )

1
2 (14b)

Inserting (14a) and (14b) in (12), we get

𝜌2 𝑑𝜆𝑑𝑡 = (𝑎 𝑏 𝑐𝑜𝑠 (𝑙 − 𝐿) − 𝑎2) √𝑚
𝑎√𝑎

+

(𝑎 𝑏 𝑐𝑜𝑠 (𝑙 − 𝐿) − 𝑏2) √𝑚
𝑏√𝑏
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Rearranging we get

𝜌2 𝑑𝜆𝑑𝑡 = √𝑚 [𝑐𝑜𝑠 (𝑙 − 𝐿) { 𝑏
√𝑎

+ 𝑎
√𝑏

} − {√𝑎 + √𝑏}]

(15)
This will be zero when

𝑐𝑜𝑠 (𝑙 − 𝐿) =
{√𝑎 + √𝑏}

{ 𝑏
√𝑎

+ 𝑎
√𝑏
}

(16)

which can be further simplified to

𝑐𝑜𝑠 (𝑙 − 𝐿) = √𝑎√𝑏
𝑎 − (√𝑎√𝑏) + 𝑏

(17)

From the figure we see that (l – L) is the angle PSE,
which is the difference of longitudes. When this satisfies
the condition (17) the planet will be stationary. There are
two solutions for a given set of values of a and b. Thus,
there are two stationary points and the planet appears to
execute retrograde motion in the interval between these
points.

2 Alternative procedure

The same result can be obtained by consideration of angu-
lar speeds of the earth and the planet which should sum
to zero. The same configuration of Figure 1 is used in Fig-
ure 2 with the velocities represented by PV and EU. For
ease of representation angles SPE and PSE are represented
by 𝜃 and 𝛼 whereas the angle PEU is called 𝜓. We need
to get the angular velocity components along the line of
sight EP.

The observed angular speed 𝑤𝑜𝑏𝑠 is given by

𝑊𝑜𝑏𝑠 =
𝑣𝑟𝑒𝑙
𝜌 (18)

where 𝑣𝑟𝑒𝑙 is the velocity of the planet relative to that of
earth. The velocity of 𝑃 along 𝑃𝐸 is given by 𝑉𝐴 which
is parallel to 𝑃𝐸. Similarly, the velocity of 𝐸 along the
same line is given by𝑈𝐵. The perpendicular components
are along 𝐴𝑃 and 𝐸𝐵 respectively. The relative velocity is
(𝐴𝑃 − 𝐸𝐵).

It can be shown that 𝑉𝐴 = 𝑣 𝑠𝑖𝑛 𝑉𝑃𝐴 and 𝑃𝐴 =
𝑣 𝑐𝑜𝑠 𝑉𝑃𝐴, where 𝑣 is the velocity.

Therefore

Figure 2 Formulation of the problem by an alternative
method.

It can be1 shown that 𝑉𝑃𝐴 = 90–(𝛼 + 𝜓)
Therefore 𝑉𝐴 = 𝑣 𝑐𝑜𝑠(𝛼 + 𝜓) and

𝑃𝐴 = 𝑣 𝑠𝑖𝑛 (𝛼 + 𝜓) (19)

Similarly considering 𝑢 as velocity of earch 𝐸
𝑈𝐵 = 𝑢 𝑠𝑖𝑛 𝑈𝐸 = 𝑢 𝑐𝑜𝑠 𝜓 and

𝐵𝐸 = 𝑢 𝑠𝑖𝑛 𝑈𝐸𝐴 = 𝑢 𝑠𝑖𝑛 𝜓 (20)

𝑣𝑟𝑒𝑙 = 𝑣 𝑠𝑖𝑛 (𝛼 + 𝜓) − 𝑢 𝑠𝑖𝑛 𝜓

𝑊𝑜𝑏𝑠 =
𝑣𝑟𝑒𝑙
𝜌

𝑤𝑜𝑏𝑠 =
𝑣𝑜𝑏𝑠
𝜌 = {𝑣 𝑠𝑖𝑛 (𝛼 + 𝜓) − 𝑢 𝑠𝑖𝑛 𝜓}

𝜌

= {𝑣 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝜓 + 𝑣 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝜓 − 𝑢 𝑠𝑖𝑛 𝜓
𝜌 } (21)

We have the relations
𝑎 = 𝑏 𝑐𝑜𝑠 𝛼−𝜌 𝑐𝑜𝑠 𝑃𝐸𝑆 = 𝑏 𝑐𝑜𝑠 𝛼−𝜌 𝑠𝑖𝑛 𝜓, which gives

𝑠𝑖𝑛 𝜓 = (𝑏 𝑐𝑜𝑠 𝛼 − 𝑎)
𝜌 (22a)

𝑐𝑜𝑠 𝜓 = 𝑏 𝑠𝑖𝑛 𝛼
𝜌 (22b)

1𝑉𝑃𝐴 = 𝑆𝑃𝐸 = 180–(𝑃𝑆𝐸 +𝑃𝐸𝑆) = 180°–(𝛼+𝑆𝐸𝑈 +𝑈𝐸𝑃)
= 180°–(𝛼 + 90 + 𝜓)
= 90–(𝛼 + 𝜓)
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Using (22a) and (22b) we can write (21) as

𝑊𝑜𝑏𝑠 =
𝑣𝑟𝑒𝑙
𝜌 = {𝑢 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝜓 + 𝑢 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝜓 − 𝑢 𝑠𝑖𝑛𝜓}

𝜌

𝑤𝑜𝑏𝑠 =
𝑣 𝑠𝑖𝑛 𝛼𝑏 𝑠𝑖𝑛 𝛼

𝜌
+ 𝑣 𝑐𝑜𝑠 𝛼 (𝑏 𝑐𝑜𝑠 𝛼−𝑎)

𝜌
− 𝑢 (𝑏 𝑐𝑜𝑠 𝛼−𝑎)

𝜌
𝜌

𝑤𝑜𝑏𝑠 =
{𝑣𝑏 𝑠𝑖𝑛2𝛼 − 𝑣𝑎 𝑐𝑜𝑠 𝛼 + 𝑏𝑣 𝑐𝑜𝑠2 𝛼 + 𝑢𝑎 − 𝑢𝑏 𝑐𝑜𝑠 𝛼}

𝜌2

𝑤𝑜𝑏𝑠 =
{𝑣𝑏 + 𝑢𝑎 − 𝑐𝑜𝑠 𝛼 (𝑢𝑏 + 𝑣𝑎)}

𝜌2 (23)

When 𝑤𝑜𝑏𝑠 is zero

{𝑣𝑏 + 𝑢𝑎 − 𝑐𝑜𝑠 𝛼 (𝑢𝑏 + 𝑣𝑎)}

should be zero. Then,

𝑐𝑜𝑠 𝛼 = 𝑣𝑏 + 𝑢𝑎
𝑢𝑏 + 𝑎𝑣 (24)

By using Kepler’s laws this can be shown to be equiva-
lent to (17), replacing 𝑢 and 𝑣 with powers of 𝑎 and 𝑏, the
constant gets eliminated.

Further, (25) can be rewritten using 𝑢 = 𝑤𝑒𝑎 and 𝑣 =
𝑤𝑝𝑏 as,

𝑐𝑜𝑠 𝛼 = 𝑤𝑒𝑎2 + 𝑤𝑜𝑏2
{𝑤𝑜𝑎𝑏 + 𝑤𝑒𝑎𝑏}

(25)

This can be used to get the duration of retrograde motion
𝑡, since this angle 𝛼 = 𝑡∆𝑤, (the difference in angular
speeds is ∆𝑤) and the orbital parameters are known. Ta-
ble 1 gives these values.

3 Formula in Karaṇakutūhala

In the paper on the analysis of the examples provided
in Brahmatulyaudāharaṇam, by Visvanatha, (Shubha
and Shylaja, 2020) we used the method provided in
Karaṇakutūhala (Balachandra Rao and Uma, 2008).
There we had used 𝜙 to represent 𝛼 in Figure 2. The
derivation resulted in

𝑐𝑜𝑠 𝜙 =
𝑣𝑎2𝑗 + 𝑎2𝑢
𝑎𝑎𝑗 (𝑢 + 𝑣) (26)

By substituting 𝑏 for 𝑎𝑗 this essentially reduces to con-
ventional formula given in standard texts books of spher-
ical astronomy (see for instance Green 1985).

𝑐𝑜𝑠 𝜙 =
(𝑎2𝑢 + 𝑏2𝑣)
𝑎𝑏 (𝑢 + 𝑣) (27)

Upon application of Kepler’s law𝑢 ∶ 𝑣 = (𝑎/𝑏)−3/2, this
further leads to the conventional formula

𝑐𝑜𝑠 𝜙 = √𝑎√𝑏
𝑎 − √𝑎√𝑏 + 𝑏

(28)

consider

𝑐𝑜𝑠 𝜙 =
(𝑎2𝑢 + 𝑏2𝑣)
𝑎𝑏 (𝑢 + 𝑣)

(𝑎2𝑢 + 𝑏2𝑣)
𝑎𝑏 (𝑢 + 𝑣)

=
𝑎2 𝑢

𝑣
+ 𝑏2

𝑎𝑏𝑢
𝑣
+ 𝑎𝑏

=
𝑎2 (𝑎

𝑏
)
−3
2 + 𝑏2

𝑎𝑏 (𝑎
𝑏
)
− 3

2 + 𝑎

𝑎
1
2 + 𝑏

1
2

𝑎
−1
2 𝑏 + 𝑎𝑏

−1
2

= 𝑎
1
2 + 𝑏

1
2

𝑏
3
2+𝑎

3
2

𝑎
1
2 𝑏

1
2

𝑎
1
2 𝑏

1
2 (𝑎

1
2 + 𝑏

1
2 )

𝑎
3
2 + 𝑏

3
2

=

=
𝑎

1
2 𝑏
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Table 1 The duration of retrograde motion as derived from equation (25) and compared with values from wikipedia

Planet Orbit Orbital From Actual*
Name radius (AU) period (d) Eq. (25)

Mercury 0.39 88 22.9 21
Venus 0.72 225 42 41
Mars 1.52 687 72.9 72

Jupiter 5.2 4333 120.7 121
Saturn 9.58 10756 137.5 138
Uranus 19.2 30687 151.7 151

Neptune 30.1 60190 158.4 158
*Wikipedia

= 𝑎
1
2 𝑏

1
2 (𝑎 − 𝑏)
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3
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1
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3
2

= 𝑎
1
2 𝑏

1
2 (𝑎 − 𝑏)

((𝑎 + 𝑏) (𝑎 − 𝑏)) − (𝑎
1
2 𝑏

1
2 (𝑎 − 𝑏))

= 𝑎
1
2 𝑏

1
2 (𝑎 − 𝑏)

(𝑎 − 𝑏) ((𝑎 + 𝑏) − 𝑎
1
2 𝑏

1
2 )

= 𝑎
1
2 𝑏

1
2

((𝑎 + 𝑏) − 𝑎
1
2 𝑏

1
2 )

= √𝑎√𝑏
𝑎 − √𝑎√𝑏 + 𝑏

Thus, we have

(𝑎2𝑢 + 𝑏2𝑣)
𝑎𝑏 (𝑢 + 𝑣) = √𝑎√𝑏

𝑎 − √𝑎√𝑏 + 𝑏

4 Conclusion

The formulae for the stationary points which cause an ap-
parent retrograde motion as seen from the earth are de-
rived using different methods. The derivations are pro-
vided from different methods and compared with the one
used in earlier Indian astronomical texts.
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